1. Introduction A Riemannian metric is said to be Einstein if the Ricci curvature is a constant multiple of the metric. Given a manifold M, one can ask whether M carries an Einstein metric, and if so, how many. This fundamental question in Riemannian geometry is for the most part unsolved (cf. Bes]). As a global PDE or a variational problem, the question is intractible. It becomes more manageable in the homogeneous setting, and so many of the known examples of compact simply connected Einstein manifolds are homogeneous. In this paper we give a technique for nding and classifying all homogeneous metrics on any given homogeneous space, including those which are not diagonal with respect to the isotropy representation. We also examine some compact simply connected homogeneous spaces G=H, where G is simple and H is closed and connected. On each space we describe all G-invariant Einstein metrics. For such spaces, the normal homogeneous Einstein metrics were classi ed by . Among the metrics we nd below, there is only one normal metric: the metric on S 7 S 7 induced by the Killing form. In fact, apart from S 7 S 7 , none of our examples below of homogeneous Einstein metrics is even naturally reductive.
Each of our examples has G-invariant metrics which are not diagonal with respect to the isotropy representation of H. Few examples of this type have been previously examined. Some non-diagonal examples arise as brations with Riemannian submersion metrics, where the base and bre are Einstein, e.g., if the base and bre are irreducible symmetric spaces. Using this method, we can expect a product Einstein metric on each of the examples below. Jensen does this to nd a homogeneous Einstein metric on Stiefel manifolds V k R n . He restricts to a two-parameter family of diagonal SO(n)-invariant metrics on V k R n Je2]. Using very di erent methods, Sagle also considers Stiefel manifolds, showing that V k R n carries at least one Einstein metric S]. Sagle rst discovered the SO(n)-invariant Einstein metric on V 2 R n . Neither Sagle nor Jensen observes that the homogeneous Einstein metric on V 2 R n is unique. More recently, Arvanitoyeorgos looks at a special family of SO(n)-invariant metrics on V k R n A]. None of these methods exhausts all possible homogeneous Einstein metrics.
Our examples consist of three symmetric spaces and the unit tangent bundle of the n-sphere. We nd the following: Theorem 1.
1. S 7 S 7 = Spin(8)= G 2 carries exactly two distinct Spin(8)-invariant Einstein metrics: the product metric and the metric induced by the Killing form.
2. S 7 S 6 = Spin(7)= SU(3) carries exactly three distinct Spin(7)-invariant Einstein metrics: the product metric and two others.
3. S 7 G + 2 (R 8 ) = Spin(8)= U(3) carries exactly two distinct Spin(8)-invariant Einstein metrics:
the product metric and one other. Date: February 24, 1999 . 1991 Mathematical Subject Classi cation. Primary 53C25. Secondary 53C30, 53C35. 1 4. V 2 (R n+1 ) = SO(n + 1)= SO(n ? 1) carries exactly one SO(n + 1)-invariant Einstein metric, inherited from G + 2 (R n+1 ).
The rst three examples involve the geometry of the Cayley numbers and the Triality Principle. The last example is perhaps the simplest setting in which the space of all homogeneous metrics includes many \o -diagonal" metrics. For our analysis it was necessary to develop a scalar curvature formula which does not depend on an orthonormal, or even orthogonal, basis.
This work extends the classi cation of invariant Einstein metrics on compact irreducible symmetric spaces, cf. DA-Z], Z], K], and the characterization of left-invariant metrics on Lie groups, cf. Je1].
We want to consider products of compact irreducible symmetric spaces, and we require that a simple Lie group act transitively. We use A. L. Oni s cik's classi cation of simple compact Lie algebras g with Lie subalgebras g 0 and g 00 , such that g = g 0 + g 00 : In terms of transitive group actions, let G be the simply connected compact Lie group corresponding to g and let G 0 ; G 00 be Lie subgroups corresponding to g 0 ; g 00 , respectively. Then G=(G 0 \ G 00 ) = G=G 0 G=G 00 . Oni s cik's result gives the following list of simple groups acting on compact reducible symmetric spaces O]:
Spin(8)= G 2 = S 7 S 7 (1) Spin(7)= SU(3) = S 7 S 6 (2)
(5) SU(2n)= Sp(n ? 1) = S 4n?1 SU(2n)= Sp(n) (6) SU(2n)= Sp(n ? 1) U(1) = C P 2n?1 SU(2n)= Sp(n) (7) SO(2n + 2)= U(n) = S 2n+1 SO(2n + 2)= U(n + 1):
To nd the Einstein metrics on each symmetric space, we begin by parametrizing the space of Ginvariant metrics, using the isotropy representation of the space, well-known for all of the examples above. The second step is to express the scalar curvature as a function of these parameters.
Step three is to nd the critical points of the scalar curvature functional, which correspond to Einstein metrics. With the help of Maple, we were able to carry out step three for the rst three of the spaces above. Given the computational limitations, we focussed on the rst ve examples. The last three families of products of symmetric spaces are further complicated by the variable n. In the following Spin + (7)= SU(3) 4 3
In sections 3 { 7 we prove Theorem 1. In the Appendix we discuss the geometry of the G-invariant spaces S 7 G + 3 (R 8 ) and S 7 G + 2 (R 7 ), for G = Spin(8) and Spin(7) respectively. We also describe their moduli spaces of G-invariant metrics.
Preliminaries
A Riemannian manifold M is de ned to be G-homogeneous if the Lie group G acts transitively on M by isometries. I.e., for any p and q 2 M, there exists an isometry ' with '(p) = q. We write orthogonal representation, the space of intertwining operators , = , is one-dimensional. When is a unitary representation, the space of intertwining operators is two-dimensional; when is symplectic, the space of intertwining operators is four-dimensional.
3. The Scalar Curvature Functional We will need a formula for the scalar curvature functional which does not assume we have an orthonormal basis to work with, this will allow us to x a basis and vary the metric. Assume we have a compact homogeneous space G=H with G semisimple, and g = h p: We choose a Q-orthogonal decomposition of p into Ad(H)-irreducible subspaces p = p 1 p r , and we take a Q-orthonormal basis for p: fX i g. We rst rewrite the formula found in Besse Bes, 7 .39] so that we will see plainly the result of a change of coordinates. Here p denotes projection onto p and C i = ad g X i (the structure constants). ( )
We will use this scalar curvature formula in the following examples.
4. V 2 (R n+1 ) The Stiefel manifold V 2 (R n+1 ) of two-ags in Euclidean (n + 1)-space can be written homogeneously as V 2 (R n+1 ) = SO(n+1)= SO(n?1). Although it is not a symmetric space, V 2 (R n+1 ) inherits an SO(n + 1)-invariant Einstein metric from the Grassmannian G + 2 (R n+1 ) of oriented two-planes via the following bration:
Consider the one-parameter family of submersion metrics g t = g B + t g F (t > 0) on V 2 (R n+1 ), where the base B = G + 2 (R n+1 ) with the symmetric metric, and the bre F = S 1 . By scaling the metric in the direction of the bre, we nd one Einstein metric Bes, x9.77]. We show that, up to scaling, this is the only SO(n + 1)-invariant Einstein metric V 2 (R n+1 ) carries.
An element of V 2 (R n+1 ) is a two-ag: a choice of a line and a two-plane containing that line, F : spanfvg spanfv; wg. We may assume that v and w are orthonormal. To see that SO(n+1) acts transitively, we will send F 0 : spanfe 1 g spanfe 1 ; e 2 g (in the standard basis) to F. We use a matrix with v as the rst column vector and w as the second column vector, then ll in the rest of the columns to complete v and w to an orthonormal basis for R n+1 with the same orientation as the standard basis. The isotropy subgroup H xing the ag F 0 is SO(n ? 1) = Id 2 0 0 SO(n ? 1) SO(n + 1).
On the Lie algebra level, we have h = 0 0 0 so(n ? 1) so(n + 1). Choose Ad SO(n ? 1)-invariant complement p = so(n ? 1) ? (with respect to the inner product Q). We decompose p into its irreducible subrepresentations of SO(n ? 1), obtaining p = p 0 p 1 p 2 . Let E ij denote the matrix with 1 in the ij th entry and ?1 in the ji th entry. Then p 0 = spanfE 12 g, and p j = spanfE j;2+i j 1 i n ? 1g, for j = 1; 2: The decomposition is not unique: p 1 ' p 2 ' n?1 , the standard n ? 1 dimensional representation of SO(n ? 1). This is an orthogonal representation, thus the space of intertwining maps is one dimensional, generated by the isometry I : p ! p in the form I = 0 Id n?1
Id n?1 0 with respect to the natural ordered basis for p 1 p 2 above. This implies that every Ad SO(n + 1)-invariant inner product on p is parametrized by h ; i = Q(g ; ) for some g of the form Before we compute the scalar curvature we can simplify. We have the following Lie bracket relations: E 12 ; E 1;2+i ] = ?E 2;2+i ; E 12 ; E 2;2+i ] = E 1;2+i ; E 1;2+i ; E 2;2+j ] = ? ij E 12 ; E 1;2+i ; E 1;2+j ] = E 2;2+i ; E 2;2+j ] = ?E 2+i;2+j 2 so(n ? 1):
Let N(SO(n?1)) be the normalizer of SO(n?1) in SO(n+1). Observe N(SO(n?1))= SO(n?1) = SO(2), with tangent algebra p 0 . Conjugation by any element of this SO (2) is a di eomorphism preserving p. This gives a one-parameter subgroup of homotheties: g = g(t) = Ad(exp tE 12 ) g. We can nd a t such that g(t) is diagonal, hence we may assume = 0.
One can check that the Ricci tensor diagonalizes with the metric g. Then we use the scalar curvature functional in terms of x 0 ; x 1 ; and x 2 , from W-Z2, (1.3)]. x 2 0 ? x 2 1 + x 2 2 ? 2(n ? 1)x 2 x 0 = (n ? 1)((x 1 ? x 2 ) 2 ? x 2 0 ) (x 2 ? x 1 )(x 1 + x 2 ? (n ? 1)x 0 ) = 0: Solving, we conclude that if x 1 = x 2 then x 0 = 2( n?1 n )x 1 . This was the original submersion metric. If x 1 6 = x 2 , there are no solutions. Thus there is exactly one SO(n + 1)-invariant Einstein metric on V 2 (R n+1 ).
S 7 S 7
Just as we think of S 7 as the unit sphere in R 8 = O (the Octonians, or Cayley numbers), the product of two seven-spheres is a natural submanifold of O O . Since it is a product of symmetric spaces, S 7 S 7 is homogeneous; the simple Lie group Spin(8) acts transitively on S 7 S 7 with isotropy subgroup G 2 . We expect at least two distinct Spin(8)-invariant Einstein metrics: one is the product metric, and the other is induced from the Killing form W-Z1, p. 575]. We nd that it carries exactly these, and no others.
We begin by describing the homogeneous presentation of S 7 S 7 , then we can determine M Spin(8) , the space of invariant metrics, and consider it for Einstein metrics. We have a natural matrix group representation for Spin(8):
The Triality Principle gives us a way to see that Spin (8) Spin + (7) = f(A; B; C) 2 Spin(8) Spin ? (7) = f(A; B; C) 2 Spin(8) j A = Cg generated by f(R z ; L z R z ; R z )g; G 2 = f(A; B; C) 2 Spin(8) j A = B = Cg = Spin + (7) \ Spin ? (7): To see that the subgroup Spin + (7) is a double cover of SO (7), notice that for a triple (A; B; C) in Spin + (7), B = C; hence A(1) = 1, and we think of A 2 SO(7). Once A is determined, B and C are also determined, up to sign. A similarly argument shows Spin ? (7) is another double cover of SO(7).
We de ne the action of Spin(8) on S 7 S 7 via (A; B; C) : (x; y) 7 ! (Ax; By). To show that this action is transitive we take any point (x; y) 2 S 7 S 7 and construct a map from (x; y) to (1; 1). We can rst nd (A; B; C) : (x; y) 7 ! (1; y 0 ) for some y 0 , since A can be any element of SO(8). Next, we use that Spin + (7) xes the rst component of (1; ) and acts transitively on S 7 in the second component to know there exists an element (A 0 ; B 0 ; B 0 ) of Spin + (7) mapping (1; y 0 ) 7 ! (1; 1). The composition takes (x; y) to (1; 1).
Next we determine the isotropy subgroup H Spin(8) xing the point (1; 1). Just as Spin + (7) xes the rst component of (1; ), Spin ? (7) xes the second component of ( ; 1), hence H G 2 = Spin + (7) \ Spin ? (7), the group of automorphisms of O. Every element of G 2 takes (1; 1) to itself, thus G 2 H, so H = G 2 . This shows that Spin(8)= G 2 = S 7 S 7 :
Under the double covering homomorphism (A; B; C) 7 ! C from Spin(8) to SO(8) , the subgroups Spin + (7) and Spin ? (7) are isomorphic to their images in SO(8). We use this homomorphism to identify the Lie algebras spin(8) = so(8). If we order our basis for the Octonians in the following way: f1; j; "; j"; i; k; i"; ?k"g, then G 2 1 0 0 SO(7) SO(8). Then g 2 is invariant under the Triality automorphism of so (8), which interchanges the Lie subalgebras so(7), spin + (7), and spin ? (7).
We decompose so(8) into g 2 p, where p = g ? 2 with respect to the inner product Q. Using any of the three following brations we see that p is the sum of two equivalent copies of the standard orthogonal seven-dimensional representation of G 2 , denoted ': S 7 = Spin (7)= G 2 ! Spin(8)= G 2 ! Spin(8)= Spin (7) = S 7 RP 7 = SO(7)= G 2 ! SO(8)= G 2 ! SO(8)= SO(7) = S 7 :
We have three natural ways to decompose p: We can choose p 1 so that g 2 p 1 is spin + (7), spin ? (7), or so (7), then set p 2 to be the Q-orthogonal complement to p 1 in p. We choose p = p 1 p 2 so that spin + (7) = g 2 p 1 .
We now describe M Spin(8) We nd three solutions:
x 1 = 3x 2 = 0 (10)
The rst solution is the metric induced by the Killing form (recall that Q is a multiple of the Killing form). We show that the third solution is a pair of metrics homothetic to the product metric, in which the tangent spaces to S 7 f1g and f1g S 7 are orthogonal. The tangent space to S 7 f1g is p 2 , where p 2 denotes the (Q-orthogonal) complement to g 2 in spin ? (7); the tangent space to f1g S 7 is p 1 . With respect to Q, the tangent spaces to the two spheres meet at angle 3 , so we expect that the product metric will be a non-diagonal solution. We can write so (8 6. S 6 S 7 Our next product of symmetric spaces is S 6 S 7 , the unit spheres in Im (O) O, where Im (O) is the purely imaginary Octonians. We will show that Spin + (7) acts transitively with isotropy subgroup SU(3). The product metric is one invariant Einstein metric; we nd there are exactly two others.
We know Spin + (7) from the previous example, and we describe two subgroups of Spin + (7):
Spin + (7) = f(A; B; B) 2 SO(8) 3 j A(x)B(y) = B(xy) 8x; y 2 O g G 2 = f(A; B; B) 2 Spin + (7) j A = Bg SU(4) = f(A; B; B) 2 Spin + (7) j A(i) = ig: We begin by showing how Spin + (7) acts on S 6 S 7 . For any point (x; y) in S 6 S 7 , the action is (A; B; B) : (x; y) 7 ! (Ax; By). To see that Spin + (7) acts transitively, we map (x; y) to (i; 1). We know SU(4) acts transitively on S 7 , so we can nd a map (A; B; B) 2 SU(4) such that (Ax; By) = (x 0 ; 1), for some x 0 2 S 6 . Note that the de nition of Spin + (7) implies the rst component of (1; ) is xed, hence x 2 Im(O) implies x 0 2 Im(O). Next we use that G 2 acts transitively on S 6 Im(O), leaving 1 xed, to nd a map (A 0 ; A 0 ; A 0 ) 2 G 2 satisfying (A 0 ; A 0 ; A 0 )(x 0 ; 1) = (i; 1). The composition takes (x; y) to (i; 1).
We next determine the isotropy subgroup H xing (i; 1). For any element of H, we have (A(i); B(1)) = (i; 1). We see A(i) = i implies (A; B; B) 2 SU(4), so H SU(4). Then B(1) = 1 implies A(x)B(1) = B(x) for all x. Hence A = B, and we have H G 2 . One knows that any subgroup of G 2 xing an imaginary Octonian is isomorphic to SU(3), and in our case, H = SU(3) is the subgroup of SU(4) xing the complex line spanned by f1; ig.
We identify Spin + (7) with its image under the double covering homomorphism from Spin(8) to SO(8) sending (A; B; B) 7 ! B. Giving the Octonians our usual ordering: f1; j; "; j"; i; k; i"; ?k"g, we know G 2 is a subgroup of 1 0 0 SO(7) SO(8), and SU(4) SO (8) is embedded to respect the complex structure L i : X + iY 7 ! X ?Y Y X : On the Lie algebra level, we can take p to be the orthogonal complement to su(3) in spin + (7) with respect to Q, so that spin + (7) = su(3) p. We have three brations of our product space, which we use to decompose p:
S 6 = G 2 = SU(3) ! Spin + (7)= SU(3) ! Spin + (7)= G 2 = S 7 S 7 = SU(4)= SU(3) ! Spin + (7)= SU(3) ! Spin + (7)= SU(4) = S 6 S 1 = U(3)= SU(3) ! Spin + (7)= SU(3) ! Spin + (7)= U(3):
In the rst bration, the isotropy representation of the bre is 3 ] R , where k is the standard k dimensional complex representation of SU(k). The isotropy representation of the base is ', the orthogonal representation of G 2 in SO (7); we restrict it to SU(3), 'j SU (3) is not unique; we will choose our decomposition so that su(3) p 1 p 0 = su(4).
We would like to consider all SU(3)-invariant inner products on p. We know any such inner product satis es h ; i = Q(g ; ) for any Ad SU(3)-equivariant symmetric positive de nite linear operator g : p ! p. We use Schur's lemma to determine the possible entries of g. Before searching for critical points, we can simplify. The normalizer of SU(3) in Spin + (7) is U(3), with Lie algebra su(3) p 0 (since su(3) and p 0 commute). Thus conjugation by any element of N(SU(3))= SU(3) = U(1) is a di eomorphism preserving p. This gives us a one-parameter family of homotheties of S 6 S 7 . We use these homotheties to reduce the number of parameters of g. If We nd that the rst metric is the product metric: we show that it is the only metric of the three with the symmetric metric on S 7 . Since S 7 = SU(4)= SU (3) is not a symmetric pair, we must project to determine what the symmetric metric is. Recall we chose p 1 so that su(4) = su(3) p 1 p 0 ; we will project a typical element in p 1 and a typical element in p 0 top, the Q-orthogonal complement to so(7) in so(8 2 and x 3 7 ! 3 4 , so the symmetric metric satis es 3 2 x 1 = x 3 ; this is the rst metric exactly.
We show the second metric is a bration metric, coming from the bration S 1 = U(3)= SU(3) ! Spin + (7)= SU(3) ! Spin + (7)= U(3): Consider the one-parameter family of metrics g t = g B + tg F (for t > 0) obtained by scaling in the direction of the bre and keeping the metric xed in the horizontal directions. Recall B = Spin + (7)= U(3) = SO(8)= U(4). There are two Spin + (7)-invariant Einstein metrics on the base space; we will show that the symmetric metric induces an Einstein metric on S 6 S 7 and the other does not. 7. S 7 G + 2 (R 8 ) The next product of symmetric spaces we consider is S 7 G + 2 (R 8 ), the product of the sevensphere with the Grassmannian of oriented two-planes in R 8 . We can write this space homogeneously as Spin(8)= U(3). We know the product metric is one homogeneous Einstein metric. We will show that there is exactly one other Spin(8)-invariant Einstein metric on S 7 G + 2 (R 8 ). We again identify
Recall Spin(8) = f(A; B; C) 2 SO(8) 3 j A(x)B(y) = C(xy) 8x; y 2 Og: For (x; P) 2 S 7 (1) G + 2 (R 8 ) the action is (A; B; C) : (x; P) 7 ! (A(x); B(P)). We show that this action is transitive and nd the isotropy subgroup, then we can describe the space of homogeneous metrics on S 7 G + 2 (R 8 ). To see that the action is transitive, we take any element (x; P) in S 7 (1) G + 2 (R 8 ), and we construct a map in Spin (8) taking (x; P) to (1; P 0 ), where P 0 is the oriented two-plane spanf1; ig. We will use our knowlege of the subgroups of Spin(8) . Since Spin ? (7) acts transitively on S 7 f1g, there is an element (A; B; A) in Spin ? (7) taking (x; P) 7 ! (1; P 0 ). Similarly since Spin + (7) acts transitively on f1g G + 3 (R 8 ), Spin + (7) acts transitively on f1g G + 2 (R 8 ). Hence there is a map in Spin + (7) taking (1; P 0 ) 7 ! (1; P 0 ). Their composition sends (x; P) 7 ! (1; P 0 ) 7 ! (1; P 0 ).
Next we show that the isotropy subgroup H of Spin(8) xing (1; P 0 ) is U(3) = S(U(1) U(3)) SU(4) Spin + (7). For (A; B; C) 2 Spin(8) , A(1) = 1 implies that B = C, hence H Spin + (7). Then B(P 0 ) = P 0 means for some angle , B(1) = e i and B(i) = ie i , hence A(i) = i and A(i) = i, H SU(4). In fact, we have shown H S(U(1) U(3)). By a dimension count, H = S(U(1) U(3)).
As in the previous examples we identify spin(8) with so(8) via the di erential of the map taking (A; B; C) 7 ! C. On the Lie algebra level we have so(8) = u(3) p, where p is the orthogonal complement to u(3) with respect to our usual comparison metric Q(X; Y ) = ? 1 2 tr(XY ). We have three brations of our space; using them we decompose p into its irreducible representations of u (3) Let k denote the standard representation of SO(k) and let k denote the standard representation of U(k). In the rst bration, the bre is an irreducible symmetric space, with isotropy representation p 1 = 1^ 3 ] R . The base space is isomorphic to SO(8)= SO(6); we know that the isotropy representation of the base is 6 6 Id. When we restrict this to U(3), we obtain p 2 p 3 p 0 = 3 ] R 3 ] R Id. In the second bration, although the bre is an irreducible symmetric space, Spin + (7) is not the full isometry group, hence the isotropy representation is reducible: via U(3) SU(4) Spin + (7) the isotropy representation is p 1 p 2 = 1^ 3 ] R 3 ] R . The base space, SO(8)= SO (7), is also a symmetric space; its isotropy representation is 7 . When we restrict 7 to U(3) SO(6) SO (7), we get p 3 p 0 = 3 ] R Id.
In the third bration, the bre is symmetric, but not a symmetric pair; the isotropy representation is p 1 p 0 = 1^ 3 ] R Id : The base space is isomorphic to SO(8)= SO(2) SO(6), an irreducible symmetric space with isotropy representation 2 6 ; when restrict the action to U(3) this gives p 2 p 3 = 3 ] R 3 ] R . We conclude that p = p 1 p 2 p 3 p 0 . This decomposition is not unique, since p 2 and p 3 are equivalent representations of u(3). We choose the decomposition to be Q-orthogonal so that su(4) = u(3) p 1 , u(4) = u(3) p 1 p 0 , and spin + (7) = u(3) p 1 p 2 .
Any U(3)-invariant inner product h ; i must satisfy h ; i = Q(g ; ), where g is an Ad U ( is a di eomorphism xing p, this gives a one-parameter group of isometries of homogeneous metrics. We normalize for volume one to getS = S ? k(x 6 1 (x 2 x 3 ? 2 1 ? 2 2 ) 6 x 4 ). SinceS is a function of 2 1 , we can set 1 = 0 and know that we will not omit any critical points of the scalar curvature.
We nd using Maple that there are two real solutions such that each x i > 0. We can simplify by using the extra isometries from the normalizer of U (2) in Spin + (7). We nd N(U(2)) = U(3), and so N(U(2))= U(2) = U(3)= U(2) = U(1). The tangent space to the quotient is p 0 , and if X 0 is a Q-unit vector spanning p 0 , then ad(X 0 ) takes p to itself. Thus for all real t, Ad(exp tX 0 )(g) is isometric to g. Since the action of ad(X 0 ) in fact rotates p 1 p 2 and also p 4 p 5 , we can nd a t so that one of our o -diagonal terms is zero. I.e., any Spin + (7)-invariant metric is isometric to one given by nine (instead of ten) parameters. Nevertheless, the scalar curvature formula is cumbersome; we were not able to nd its critical points. (8) is (A; B; C) : (x; P) 7 ! (Ax; BP), for any x 2 S 7 and any P 2 G + 3 (R 8 ). To see that this action is transitive, we will send any (x; P) to (1; P 0 ), where P 0 = spanfi; j; kg, using the subgroups of Spin(8) . Since Spin ? (7) acts transitively on S 7 , there exists a triple (A; B; A) taking (x; P) to (1; P 0 ), for some P 0 in G + 3 (R 8 ). Then since Spin + (7) acts transitively on G + 3 (R 8 ) (cf. K]), there exits an (A 0 ; B 0 ; B 0 ) sending (1; P 0 ) to (1; P 0 ). The composition is the desired map.
The isotropy subgroup H xing (1; P 0 ) satis es H Spin + (7): since A(1) = 1, B(x) = C(x) for all x 2 O. The the subgroup of Spin + (7) xing P 0 is SO(4), the subgroup of G 2 xing the associative subalgebra of O generated by i and j (cf. K]).
As in our previous examples, we identify the Lie algebra spin(8) with so(8) via the double covering homomorphism (A; B; C) 7 ! C. We use the Ad-invariant inner product Q to choose an invariant complement p = so(4) ? to so(4) in so(8). There are several brations of our space, we give two here, using their geometry to decompose p into a sum of irreducible real representations of SO(4). G + 3 (R 8 ) = Spin (7)= SO(4) !Spin(8)= SO(4) ! Spin(8)= Spin (7) = S 7 ; G 2 = SO(4) !Spin(8)= SO(4) ! Spin(8)= G 2 = S 7 S 7 ;
Before we describe the isotropy representation, we note that so(4) is not simple, so(4) = su(2) su (2) . Denote by 3 the standard orthogonal representation of SO(3) in R 3 , and denote by n the unique irreducible unitary representation of SU(2) of dimension n. In the second bration, the bre is an irreducible symmetric space, with isotropy representation is 2^ 4 ] R . The base space has isotropy representation ' ', where ' is the standard orthogonal representation of G 2 in SO(7). When we restrict each ' to SO(4), we get The scalar curvature is a function of these variables; it can be obtained from equation ( ) using any Q-orthonormal basis satisfying the decomposition described above.
